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Abstract
In this paper we give a characterization of kernel-perfect (and of critical kernel-imperfect) arc-local tournament digraphs. As a
consequence, we prove that arc-local tournament digraphs satisfy a strenghtened form of the following interesting conjecture which
constitutes a bridge between kernels and perfectness in digraphs, stated by C. Berge and P. Duchet in 1982: a graph G is perfect if
and only if any normal orientation of G is kernel-perfect. We prove a variation of this conjecture for arc-local tournament orientable
graphs. Also it is proved that normal arc-local tournament orientable graphs satisfy a stronger form of Berge’s strong perfect graph
conjecture.
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1. Introduction
For general concepts we refer the reader to [5]. Let D be a digraph, V (D) and A(D) or AD will denote the sets
of vertices and arcs of D, respectively. For a given vertex v ∈ V (D) we use N+(v) (N−(v)) to denote the set of
out-neighbours (in-neighbours) of v, D[S] will denote the subdigraph of D induced by S ⊆ V (D).
A digraphD is called an arc-local tournament digraph if it satisﬁes that for every pair of adjacent vertices x, y ∈ V (D)
every vertex ofN+(x) (N−(x)) is adjacent to every vertex ofN+(y) (N−(y)). Some properties of arc-local tournament
digraphs have been studied in [1,4,2].
An arc u1u2 ∈ AD is called asymmetrical (resp. symmetrical) if u2u1 /∈AD (resp. u2u1 ∈ AD). The asymmetrical
part of D which is denoted by Asym (D), is the spanning subdigraph of D whose arcs are the asymmetrical arcs of D.
A kernel of a digraph D is a subset of vertices K ⊆ V (D) which is both independent (no vertex of K is adjacent to
another vertex of K) and absorbing (every vertex of V (D) − K has a successor in K). Claude Berge [7] deﬁned the
kernel-perfect digraphs and the critical kernel-imperfect digraphs as follows: a digraph D is said to be kernel-perfect
or KP-digraph when every induced subdigraph of D has a kernel; and D is a critical kernel-imperfect digraph or CKI-
digraph if D does not have a kernel but every proper induced subdigraph of D does have at least one. Kernels in near
tournaments have been studied in several papers, see by example [3,7,11–13]. In this paper, we give a characterization
of KP (and of CKI) arc-local tournament digraphs. We will denote by GD the underlying graph of D, and we will say
that a digraph D is semicomplete when its underlying graph GD is complete. Thus, every semicomplete subdigraph
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H of a KP-digraph must have an absorbing vertex (i.e. a successor of all other vertices of H). A digraph D is said to
be normal if every complete subdigraph of D possesses an absorbing vertex. If G is a graph, an orientation G of G is a
digraph obtained from G by directing each edge of G in at least one of the two possible directions. A graph G will be
called normal arc-local tournament orientable when there exists an orientation G of G which is normal and an arc-local
tournament digraph.
Let C= (0, 1, . . . , m, 0) be a directed cycle of D, we denote by (C) its length. For i, j ∈ V (C), i = j , we denote
by (i,C, j) the ij-directed path contained in C and by (i,C, j) its length. A diagonal of C is an arc f = (i, j) ∈
(A(D) − A(C)) such that i = j , i, j ∈ V (C) and (i,C, j)=length of f = (f )< (C) − 1. A pseudodiagonal of C
is an arc f = (i, j) ∈ (A(D)−A(C)) such that i = j , i, j ∈ V (C) and (f )(C)− 1. Two vertices joined by an arc
of C are said to be consecutive on C. A pole of the directed cycle C is the terminal vertex y of a pseudodiagonal (x, y)
of C. A digraph D is said to be odd-chorded whenever each odd directed cycle of D has at least one pseudodiagonal,
and we will call D a d-odd-chorded digraph when each odd directed cycle of length at least 5 has a diagonal.
A semicomplete bipartite digraph is a digraph whose underlying undirected graph is complete bipartite.An extension
of a directed cycle is a digraph which can be obtained from a directed cycle Ck for some k2, by substituting an
independent set for each vertex of Ck , D = Ck[En0 , En1 , . . . , Enk−1], each vertex of Eni is adjacent to each vertex in
Eni+1 (Ei ⇒ Ei+1) and there are no other arcs in D.
In this paper, it is proved that an arc-local tournament digraph is a KP-digraph iff it is a normal odd-chorded digraph;
as a consequence it is proved that arc-local tournament digraphs satisfy the following interesting conjecture proposed
by Meyniel (1980) [10]: if every odd directed cycle in a digraph D has at least two pseudodiagonals then D has a
kernel.
Claude Berge [5] deﬁned the class of perfect graphs. A graph G is called perfect if, for each induced subgraph H
of G, the chromatic number of H equals the maximum number of pairwise adjacent vertices in H. Equivalently, a
graph G is perfect if every induced subgraph F of G contains an independent set which meets all maximum cliques
(complete subgraphs) of F. See [6,16] for more information on perfect graphs. A graph G is strongly perfect if every
induced subgraph F of G possesses an independent set which meets every maximal clique of F. Berge’s strong perfect
graph conjecture states that G is perfect iff G contains neither C2n+1 nor C2n+1 (the complement of C2n+1), n2
as an induced subgraph. Finally, a graph G is said to be critically imperfect if it is not perfect and G-v is perfect for
every v ∈ V ; so Berge’s strong perfect graph conjecture asserts that the only critically imperfect graphs are C2n+1 and
C2n+1, n2. Berge’s strong perfect graph conjecture is now proved [9]. In this paper, we prove that a normal arc-local
tournament orientable graph G is strongly perfect iff it contains no C2n+1 for n2, as an induced subgraph; which is a
stronger form of Berge’s strong perfect graph conjecture for normal arc-local tournament orientable graphs. Also it is
proved that a normal arc-local tournament orientable graph G is strongly perfect (resp. critically imperfect) if and only
if there exists a normal arc-local tournament orientation of G which is kernel-perfect (resp. critical kernel-imperfect)
digraph; this constitutes a strenghtened version (for normal arc-local tournament orientable graphs) of the following
interesting conjecture proposed by Berge and Duchet [7]: a graph G is perfect if and only if any normal orientation
of G is kernel-perfect. (Proved in its “only if” part by Boros and Gurvich [8]). In this paper, we prove the following
variation of this conjecture: if G is an arc-local tournament orientable graph, then each d-odd-chorded orientation F of
G such that each directed triangle has two pseudodiagonals is kernel-perfect.
We will need the following results:
Theorem 1 (Galeana-Sánchez and Neumann-Lara [15]). If D is a CKI-digraph thenAsym(D) is strongly connected.
Theorem 2 (Bang-Jensen [2]). Let D be a strongly connected arc-local tournament digraph, then D is either semi-
complete, semicomplete bipartite or an extension of a directed cycle.
Theorem 3 (Galeana-Sánchez and Neumann-Lara [14]). Let D be a digraph. If each odd directed cycle of D has two
consecutive poles, then D is a kernel-perfect digraph.
2. Kernels in arc-local tournament digraphs
Theorem 4. Let D be an arc-local tournament digraph; D is a kernel-perfect digraph if and only if D is a normal
odd-chorded digraph.
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Proof. Let D be a KP-digraph; we have observed in the introduction that D is normal, now let  be an odd directed
cycle of length at least 5; clearly  is a digraph which has no kernel and since D is KP-digraph it follows that  has a
chord. Hence D is odd-chorded.
Now let D be a normal odd-chorded arc-local tournament digraph; we will prove by contradiction that D is a
KP-digraph.Assume (by contradiction) that D is not a KP-digraph, then D contains an induced subdigraph say H which
is a CKI-digraph. It follows from Theorem 1 that H is strongly connected. Now it follows from Theorem 2 that GH is
complete, complete bipartite or an extension of a directed cycle. When H is complete we obtain that H has a kernel (as
D is normal), a contradiction. When H is bipartite complete we obtain that H has a kernel (as bipartite digraphs have
a kernel, see by example [5]) a contradiction. So we conclude that H is an extension of an even directed cycle, as D is
odd-chorded, and then H =Ck[E0, E1, . . . , Ek−1] and clearly⋃k/2−1i=0 E2i is a kernel of H, again a contradiction. 
Corollary 5. Let D be an arc-local tournament digraph. If each odd directed cycle has at least two pseudodiagonals,
then D is a kernel-perfect digraph.
Proof. Meyniel noted that if every directed cycle of length 3 in a digraph D has two pseudodiagonals then D is
normal. 
Corollary 5 is an instance of the following interesting conjecture proposed by Meyniel [10]: if every directed cycle
of odd length in a digraph D has at least two pseudodiagonals then D has a kernel.
Deﬁne the digraph C = Cn(j1, j2, . . . , jk) by V (C) = {0, 1, . . . , n − 1} and A(C) = {uv | v − u = js (mod n) for
s = 1, . . . , k}.
In [7] Claude Berge has proved: let D be a complete digraph, D is a kernel-perfect digraph if and only if each directed
cycle of D has a symmetrical arc. A direct consequence is: let D be a complete digraph, D is a critical kernel-imperfect
digraph if and only if D C3 (the directed cycle of length 3) or D Cn(1,±2,±3, . . . ,±[n/2]) for n4.
Theorem 6. Let D be an arc-local tournament digraph, D is a CKI-digraph if and only if D C2n+1, n1 or
D Cn(1,±2,±3, . . . ,±[n/2]), n4.
Proof. Clearly C2n+1 (the directed cycle of length 2n + 1) is a CKI-digraph for n1 and we have observed thatCn(1,±2,±3, . . . ,±[n/2]) is a CKI-digraph for n4.
Now let D be an arc-local tournament CKI-digraph; when D is complete we have observed D C3 or
D Cn(1,±2,±3, . . . ,±[n/2]), n4; so assume D is not complete; then every complete subdigraph of D is proper
and must have a kernel, which means D is normal; hence it follows from Theorem 4 that there exists an odd directed
cycle C of D which has no pseudodiagonals, in fact V (C) = V (D) as C is a CKI-digraph and every proper induced
subdigraph of D has a kernel; we conclude DC C2n+1 for some n2. 
Theorem 7. Let G be an arc-local tournament orientable graph. If F is a d-odd-chorded orientation of G such that
each directed cycle of length 3 in F has at least two pseudodiagonals, then each odd directed cycle of F has two
consecutive poles.
Proof. Let G and F be as in the hypothesis, take an arc-local tournament orientation D of G, and denote by
C= (0, 1, . . . , 2n, 0) a directed cycle contained in F with (C) = 2n + 13.
Note that from the deﬁnitions of G, F and D we have that two vertices u, v ∈ V (G) are adjacent in G iff they are
adjacent in F iff they are adjacent in D; we will use this fact along the proof without more explanations; also, throughout
the proof we will write c.p. to mean consecutive poles.
Clearly, ifC is an odd directed cycle with (C)= 3, the assertion of Theorem 7 follows directly from the hypothesis.
The following two assertions will be very useful along the proof.
Claim 1. Let C= (0, 1, . . . , 2n, 0) be an odd directed cycle with (C) = 2n + 1. If every odd directed cycle C′ with
3(C′)< 2n+1 possesses two c.p. and there are two edges of G of the form [i, j ] and [i+1, j +1] with (i,C, j)2
and (j,C, i)2. Then C has two c.p.
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We proceed by contradiction, assume that C has no two c.p., and consider the two possible cases:
When (i, j) ∈ A(F): if (i + 1, j + 1) ∈ A(F) then i and i + 1 are two c.p. of C, a contradiction, so we will assume
that (j + 1, i + 1) ∈ A(F); when (i + 1,C, j + 1) is even, we have that C′ = (j + 1, i + 1) ∪ (i + 1,C, j + 1) is an
odd directed cycle with (C′)< 2n + 1 (as (j + 1,C, i + 1)2), so it follows from the hypothesis that C′ has two
c.p., and we may assume that they are i + 1 and j + 1 (otherwise they are c.p. of C, a contradiction), thus j and j + 1
are two c.p. ofC, a contradiction; when (i +1,C, j +1) is odd we obtain that (j,C, i) is even,C′ = (i, j)∪ (j,C, i)
is an odd directed cycle with (C′)< 2n + 1 (as (i,C, j)2) which by hypothesis has two c.p. and we may assume
that they are i and j (otherwise they are consecutive on C, a contradiction), we conclude that i and i + 1 are c.p. of C,
a contradiction. Analogously, we get a contradiction when (j, i) ∈ A(F).
Claim 2. Let C = (0, 1, . . . , 2n, 0) be an odd directed cycle with (C) = 2k + 1. If every odd directed cycle C′
with 3(C′)< 2n + 1 possesses two c.p. and there are two edges of G of the form [i, j ] and [i − 1, j + 1] with
(j + 1,C, i − 1)2 and (i,C, j)2. Then C has two c.p.
We omit the proof which is completely analogous to that of Claim (1).
Now we prove that when (C) = 5, we have that C has two c.p.
Case a: (C) = 5.
Let f be a diagonal of C; we consider the two possible cases:
Case a.1: (f ) = 3: say f = (0, 3). We may assume that 0 and 3 are the consecutive poles of (0, 3, 4, 0), otherwise
they are c.p. of C and we are done. Now we consider two possibilities: when (2, 3) ∈ A(D); in this case we may
assume (0, 4) ∈ A(D) (otherwise 4 ∈ N−D(0), 2 ∈ N−D(3) with 0 adjacent to 3 in D, which implies 2 is adjacent to 4,
thus we have the edges [0, 3] and [2, 4] in G, and it follows from Claim (1) that C has two c.p.). Hence, 2 ∈ N−D(3),
0 ∈ N−D(4) and 3 is adjacent to 4 in D, which implies 0 is adjacent to 2 in D and thus in F; if (0, 2) ∈ A(F) then 2 and
3 are two c.p. of C; if (2, 0) ∈ A(F) we may assume that the two c.p. of (2, 0, 1, 2) are 0 and 2 and we conclude that
2 and 3 are c.p. of C. When (3, 2) ∈ A(D); in this case we may assume that (4, 0) ∈ A(D) (otherwise 4 ∈ N+D(0),
2 ∈ N+D(3) and 0 is adjacent to 3 in D which implies 2 is adjacent to 4 in G, and we obtain two consecutive poles of
C, as 3 is a pole of C). Thus, 0 ∈ N+D(4), 2 ∈ N+D(3) and 3 is adjacent to 4 in D, which implies 0 is adjacent to 2 in F;
if (0, 2) ∈ A(F) then 2 and 3 are c.p. of C and if (2, 0) ∈ A(F) we may assume that the c.p. of (2, 0, 1, 2) are 0 and 2
and we obtain that 2 and 3 are c.p. of C.
Case a.2: (f ) = 2: say f = (0, 2) and consider the two possible cases:
Case a.2.1: (1, 2) ∈ A(D).
• (0, 4) ∈ A(D): otherwise 4 ∈ N−D(0), 1 ∈ N−D(2) and 0 is adjacent to 2 in D, which implies 1 is adjacent to 4; now
considering the edges [0, 2] and [1, 4], it follows from Claim (1) that C has two c.p.
• (2, 4) ∈ A(F): since 4 ∈ N+D(0), 2 ∈ N+D(1) and 0 is adjacent to 1 in D it follows that 2 is adjacent to 4 in F and
when (4, 2) ∈ A(F) we have the diagonal (4, 2) with ((4, 2)) = 3 and we are in Case a.1.
• (2, 3) ∈ A(D): otherwise 3 ∈ N−D(2), 0 ∈ N−D(4) and 2 is adjacent to 4 which implies 0 is adjacent to 3 and we
obtain two c.p. as 4 is a pole of C.
• (3, 4) ∈ A(D): otherwise 4 ∈ N−D(3), 1 ∈ N−D(2) and 2 is adjacent to 3 in D, which implies 1 is adjacent to 4.
Hence, we have the two edges of G, [4, 1] and [0, 2] and from Claim (1) C has two c.p.
We conclude that 3 ∈ N−D(4), 1 ∈ N−D(2) and 2 is adjacent to 4 in D which implies 1 is adjacent to 3 in D and thus
in F; and we obtain two c.p. of C, as 2 is a pole of C.
Case a.2.2: (2, 1) ∈ A(D).
• (4, 3) ∈ A(D): When (3, 4) ∈ A(D) we have that 4 ∈ N+D(3), 1 ∈ N+D(2) and 2 is adjacent to 3 in D which implies
4 is adjacent to 1; thus we have the edges of G [0, 2] and [1, 4] and it follows from Claim 1 that C has two c.p.
• (4, 0) ∈ A(D): If (0, 4) ∈ A(D) then 4 ∈ N+D(0), 1 ∈ N+D(2) and 0 is adjacent to 2 in D which implies 1 is adjacent
to 4; hence we obtain the two edges of G [0, 2] and [1, 4] and it follows from Claim 1 that C has two c.p.
• 2 is adjacent to 4 in G: it follows from; 4 ∈ N−D(0), 2 ∈ N−D(1) and 0 is adjacent to 1 in D.
Now, since 3 ∈ N+D(4), 1 ∈ N+D(2) and 2 is adjacent to 4 in D, we conclude that 1 is adjacent to 3 in D and so in F,
and we obtain two c.p. of C as 2 is a pole of C.
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Now; we continue the proof of Theorem 7 proceeding by induction on (C). Assume that each odd directed cycle C′
with (C′)< 2n + 1 has two c.p., and let C= (0, 1, . . . , 2n, 0) be a directed cycle of length 2n + 1. We will prove by
contradiction thatC has two c.p.; in view of the previous assertions we will assume (C)7.Assume (by contradiction)
that C has no two c.p., we will get a contradiction.
Let (i, j) be a diagonal of C, we may assume i < j (otherwise we change the numeration of C); we consider two
possible cases:
Case 1: (j − 1, j) ∈ A(D).
(1.1) (i, i − 1) ∈ A(D): otherwise i − 1 ∈ N−D(i), j − 1 ∈ N−D(j) and i is adjacent to j in D which implies i − 1
is adjacent to j − 1, so we have the edges of G: [i, j ] and [i − 1, j − 1] and it follows from Claim (1) that C has two
c.p., a contradiction.
(1.2) {(i, i+1), (j+1, j)} ⊆ A(D): at least one of the two following properties holds: (i,C, j)> 3 or (j,C, i)> 3;
otherwise (i,C, j)3 and (j,C, i)3 and then (C)5, but we are assuming (C)7. First assume (j,C, i)> 3;
now (j + 1, j) ∈ A(D) otherwise j + 1 ∈ N+D(j), i − 1 ∈ N+D(i) and i is adjacent to j in D which implies i − 1
is adjacent to j + 1 in G; thus we have the edges of G: [i, j ] and [i − 1, j + 1] and it follows from Claim (2) that
C has two c.p., a contradiction. Since (j + 1, j) ∈ A(D) we have that (i, i + 1) ∈ A(D); otherwise i + 1 ∈ N−D(i),
j + 1 ∈ N−D(j) and i is adjacent to j in D which implies i + 1 is adjacent to j + 1 in G; hence we have the two edges of
G: [i, j ] and [i + 1, j + 1], and it follows from Claim 1 that C has two c.p., a contradiction. The proof of (1.2) when
(i,C, j)> 3 is completely analogous.
(1.3) (j + 1, j + 2) ∈ A(D): in another case we have j + 2 ∈ N−D(j + 1), j − 1 ∈ N−D(j) and j is adjacent to j + 1
in D which implies j + 2 is adjacent to j − 1 in F; when (j + 2, j − 1) ∈ A(F) we obtain that j − 1 and j are two
c.p. of C, a contradiction; when (j − 1, j + 2) ∈ A(F) we consider C′ = (j − 1, j + 2) ∪ (j + 2,C, j − 1) which is
an odd directed cycle of F with (C′)< 2n + 1, thus by the inductive hypothesis, C′ has two c.p., and we may assume
that they are j − 1 and j + 2 (otherwise they are c.p. of C, a contradiction) and we conclude that j − 1 and j are c.p.
of C, a contradiction.
(1.4) (j − 1, j − 2) ∈ A(D): When j − 2 ∈ N−D(j − 1) we have that j − 2 ∈ N−D(j − 1), j + 1 ∈ N−D(j) and
j − 1 is adjacent to j which implies j + 1 is adjacent to j − 2, now j − 1 ∈ N+D(j − 2), j + 2 ∈ N+D(j + 1) and j − 2
is adjacent to j + 1 in D which implies j − 1 is adjacent to j + 2; hence we have in G the edges [j − 2, j + 1] and
[j − 1, j + 2]; and it follows from Claim (1) that C has two c.p., a contradiction.
(1.5) For each vertex t ∈ V (C) at least one of the two following assertions holds: {(t, t − 1), (t, t + 1)} ⊆ A(D) or
{(t − 1, t), (t + 1, t)} ⊆ A(D). Suppose by contradiction that there exists a vertex t ∈ V (C) for which the assertion
(1.5) does not hold. We consider two possible cases:
When k ∈ (i,C, j), take the greatest vertex (say k) in (i,C, j) for which the assertion does not hold; and we consider
the two possibilities: If {(k, k − 1), (k + 1, k)} ⊆ A(D), then {(k + 1, k + 2), (k + 3, k + 2)} ⊆ A(D) (Note that
k < j − 1 in view of the previous assertions); since k − 1 ∈ N+D(k), k + 2 ∈ N+D(k + 1) and k is adjacent to k + 1 in D
we have that k − 1 is adjacent to k + 2 in G; now k ∈ N−D(k − 1), k + 3 ∈ N−D(k + 2) and k − 1 is adjacent to k + 2
imply that k is adjacent to k+ 3, thus we have the two edges [k, k+ 2] and [k, k+ 3] in G, so, it follows from Claim (1)
that C has two c.p., a contradiction. If {(k − 1, k), (k, k + 1)} ⊆ A(D) then {(k + 2, k + 1), (k + 2, k + 3)} ⊆ A(D).
Now k − 1 ∈ N−D(k), k + 2 ∈ N−D(k + 1) and k is adjacent to k + 1 which implies k − 1 is adjacent to k + 2; moreover,
since k ∈ N+D(k − 1) and k + 3 ∈ N+D(k + 2) with k − 1 adjacent to k + 2 we obtain that k is adjacent to k + 3,
thus we have the two edges in G: [k − 1, k + 2] and [k, k + 3] and it follows from Claim (1) that C has two c.p.,
a contradiction.
When t ∈ (j,C, i), take the ﬁrst vertex (say k) in (j,C, i) for which (1.5) does not hold and proceed as in case
t ∈ (i,C, j) by considering the arcs of D incident with k − 1 and k − 2, note that k appears after j + 1 in view of the
previous assertions. We conclude the proof of Theorem 7 in Case 1 as follows: since (i, i − 1) ∈ A(D) (see (1.1)),
(j + 1, j) ∈ A(D) (see (1.2)) and (1.5) holds it follows that (j,C, i) is odd. Also {(i, i + 1), (j − 1, j)} ⊆ A(D) and
proposition (1.5) imply (i,C, j) is odd. So (C) = (i,C, j) + (j,C, i) is even, a contradiction.
Case 2. (j, j − 1) ∈ A(D).
In this case proceed exactly as in Case 1 by changing the direction of each arc of D which is considered and
interchanging N+D(x) with N
−
D(x) for each x ∈ V (C). 
Remark 8. In Theorem 7 we consider an arc-local tournament orientable graph G; we call D an arc-local tournament
orientation of G; and F is any d-odd-chorded orientation of G such that each directed cycle of length 3 has at least
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two pseudodiagonals. Clearly, it follows from Theorem 2 that every odd directed cycle with a chord, in D, induces a
semicomplete digraph; however F does not necessarily satisfy this property.
Here we give some afﬁrmations which allow us to construct inﬁnitely many arc-local tournament orientable graphs
Gn for which there exists a d-odd-chorded orientation Fn such that each directed cycle of length 3 has at least two
pseudodiagonals and Fn has at least one odd directed cycle with a chord which does not induce a semicomplete
digraph.
• If Tn is a tournament in n vertices then Dn is an arc-local tournament digraph, where Dn is deﬁned as follows:
V (Dn) = V (Tn) ∪ {z∗, w∗},
A(Dn) = A(Tn) ∪ {(z∗, x) | x ∈ V (Tn)} ∪ {(x,w∗) | x ∈ V (Tn)}.
• Clearly the underlying graph of Dn is Gn =Kn+2 − e; (the graph obtained from the complete graph in n+2 vertices
by the deletion of one single arc) which is hamiltonian and arc-local tournament orientable.
Let Fn be obtained from Gn by orientation of each edge of Gn in the two possible directions (Fn is a symmetrical
digraph).
• Clearly Fn is d-odd-chorded and each directed cycle of length 3 of Fn has at least two pseudodiagonals.
• For n odd Fn has a directed cycle of odd length (n + 2) which has a chord and does not induce a semicomplete
digraph.
Theorem 9. Let G be an arc-local tournament orientable graph. If F is a d-odd-chorded orientation of G such that
each directed cycle of length 3 in F has two pseudodiagonals, then F is a kernel-perfect digraph.
Proof. It follows directly from Theorems 3 and 7. 
Although the conjecture proposed by C. Berge and P. Duchet (1982) [7] (mentioned in the Abstract) was proved in
its “only if” part, it is the source of many questions and problems; for example:
Problem 10. Is any normal d-odd-chorded orientation of an arc-local tournament orientable graph G kernel-perfect?
Problem 11. Characterize those graphs all of whose normal d-odd-chorded orientations are kernel-perfect.
3. Perfectness in arc-local tournament digraphs
In this section we obtain a characterization of strongly perfect (and of critically imperfect) normal arc-local tourna-
ment orientable graphs.
Theorem 12. Let D be an arc-local tournament digraph. If N is a kernel of D, then N is an independent set of GD
which meets every maximal clique of GD .
Proof. Let D be a digraph as in the hypothesis and N a kernel of D. By the deﬁnition of kernel, N is independent in D
and clearly it is independent in GD . Now assume by contradiction that there exists a maximal clique Q of GD such that
V (Q) ∩ N = ∅. Let z ∈ V (Q), since V (Q) ∩ N = ∅ we have z /∈N , so there exists y ∈ N such that (z, y) ∈ A. Now
we will prove that for each w ∈ V (Q), (w, y) ∈ A; let w ∈ V (Q), clearly we may assume w = z, since w /∈N (as
V (Q) ∩ N = ∅) there exists y′ ∈ N such that (w, y′) ∈ A; when y′ = y we are done, so y′ = y; ﬁnally w is adjacent
to z, y ∈ N+(z) and y′ ∈ N+(w) imply y is adjacent to y′, with {y, y′} ⊆ N , a contradiction. So each vertex of Q is
adjacent to y, with y /∈Q (as y ∈ N and V (Q) ∩ N = ∅), contradicting the maximality of Q. 
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The next two results are closely related to the following alternative characterization of perfect graphs conjectured in
1982 by Berge and Duchet [5]: a graph G is perfect if and only if any normal orientation of G is kernel-perfect.
Corollary 13. Let D be an arc-local tournament. If D is a KP-graph then GD is a strongly perfect graph.
Theorem 14. Let D be a normal arc-local tournament digraph.
(i) D is a kernel-perfect digraph if and only if GD is a strongly perfect graph.
(ii) D is a critical kernel-imperfect digraph if and only if GD is a critically imperfect graph.
Proof. Let D be as in the hypothesis.
(i) If D is a KP-digraph then it follows from Corollary 13 that GD is strongly perfect. Now if GD is strongly perfect
then GD has no induced subgraph isomorphic to C2n+1, n2 which implies that every odd directed cycle of D, of
length at least 5 has a diagonal, and since D is normal, each directed triangle has a pseudodiagonal. So we conclude D
is odd-chorded and it follows from Theorem 4 that D is a KP-digraph.
(ii) If D is a CKI-digraph it follows from Theorem 6 that D C2n+1, n1 or D Cn(1,±2, . . . ,± [n/2]), n4 and
the fact that D is normal implies D C2n+1, n2, so GDC2n+1, n2 which clearly is a critically imperfect graph.
Now suppose GD is a critically imperfect graph, then every proper induced subgraph of GD has an independent set
which meets every maximum clique of GD and GD has no independent set which meets every maximum clique of GD;
so it follows from Theorem 12 that D has no kernel. Let H be a proper induced subdigraph of D, then GH is perfect
and hence has no induced subgraph isomorphic to C2n+1, n2, and since H is normal it follows that H is odd-chorded;
and by Theorem 4 H is a KP-digraph. 
Remark 15. It follows fromTheorem2 that any strongly connected arc-local tournamentD, such thatD is not complete
and D is not isomorphic to C3[E0, E1, E2], is a normal digraph (as the underlying graph GD of D has no triangles).
Now we construct three families of examples of non-strongly connected normal arc-local tournament digraphs.
• Let Tn be a transitive tournament in n vertices, n2, S ⊆ V (Tn). Deﬁne the digraph DS as follows:
V (DS) = (V (Tn) − S) ∪ {s1, s2, s3, s4|s ∈ S},
A(DS) = A(Tn − S) ∪ {(x, si)|x ∈ V (Tn − S), (x, s) ∈ A(Tn), i ∈ {1, 2, 3, 4}}
∪ {(si, x)|x ∈ V (Tn − S), (s, x) ∈ A(Tn), i ∈ {1, 2, 3, 4}}
∪ {(si, wj )|{s, w} ⊆ S, {i, j} ⊆ {1, 2, 3, 4}, (s, w) ∈ A(Tn)}
∪ {(si, si+1)|i ∈ {1, 2, 3, 4}(mod 4)} ∪ {s1, s3), (s1, s4), (s2, s4)}.
• Let Kn be any normal semicomplete digraph in n vertices (in particular Kn may be a transitive tournament), and
deﬁne the digraph Dn as follows:
V (Dn) = V (Kn) ∪ {z,w},
A(Dn) = A(Kn) ∪ {(z, x)|x ∈ V (Kn)} ∪ {(x,w)|x ∈ V (Kn)}.
• Let Kn,m be a semicomplete bipartite digraph with partition V1, V2. Deﬁne Dn,m as follows:
V (Dn,m) = V (Kn,m) ∪ {z1, . . . , zp |p1} ∪ {w1, . . . , wq | q1},
A(Dn,m) = A(Kn,m) ∪ {(zi, x) | x ∈ V1, i ∈ {1, . . . , p}}
∪ {(x,wi) | x ∈ V2, i ∈ {1, . . . , q}}.
Theorem 16. If G is a critically imperfect normal arc-local tournament orientable graph, then GC2n+1 for some
n2.
Proof. Let G be a normal arc-local tournament orientation of G; it follows from Theorem 14 that G is a CKI-digraph
and since G is not complete, Theorem 6 implies G C2n+1, n2. 
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The following result asserts that normal arc-local tournament orientable graphs satisfy a strenghtened form of Berge’s
strong perfect graph conjecture.
Theorem 17. Let G be a normal arc-local tournament orientable graph; G is a strongly perfect graph if and only if G
contains no induced subgraph isomorphic to C2n+1, for n2.
Proof. Clearly a strongly perfect graph contains no induced subgraph isomorphic to C2n+1, for n2.
Let G be as in the hypothesis and G be a normal arc-local tournament orientation of G, assume that G contains no
induced subgraph isomorphic to C2n+1, for n2, then each odd directed cycle of G of length at least 5 has a diagonal,
and as G is normal we conclude that G is odd-chorded which implies (see Theorem 4) that G is a KP-digraph, and by
Theorem 14 G is a strongly perfect graph. 
Remark 18. As a direct consequence of Theorem 16 we obtain that C2n+1, n3 is not a normal arc-local tournament
orientable graph.
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